Electronic localization in two dimensions 
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By an improved scaling analysis, we suggest that there may appear two possibilities concerning 
the electronic localization in two dimensional random media. The first is that all electronic states 
are localized in two dimensions, as already conjectured previously. The second possibility is that 
the electronic behaviors in two and three dimensional random systems are similar, in agreement 
with a recent calculation based on a direct calculation of the conductance with the use of the Kubo 
formula. In this case, non-localized states is possible in two dimensions, and possess some peculiar 
properties. A few predictions are proposed. Moreover, the present analysis seems accommodating 
results from previous scaling analysis. 

PACS numbers: 71.30.+h, 72.15.Rn 
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Electronic localization refers to situations in which 
electrons are confined in space, and the wave function 
decays exponentially along any directions [lU3|. Accord- 
ing to the scaling analysis of localization^, there can 
be no metallic state or metal-insulator transition in two 
dimensions in zero magnetic field and in the absence 
of electronic interactions. In other words, all electrons 
are always localized in two dimensions (2D) purely due 
to multiple scattering by disorders. This has been the 
prevailing view for the past twenty years. As this phe- 
nomenon is due to the wave nature of electrons, it is 
also called wave localization. Experiments performed in 
1980s on various 2D systems tended to support the pre- 
diction of 3] in that there is the expected logarithm in- 
crease in resistivity 0,1^0. The agreement between the- 
ory and experimental observations was encouraging, and 
for about two decades, the question of whether a con- 
ducting state is possible in 2D was considered resolved, 
as recently reviewed in Ref. 7] 

In the last several years, however, experimental evi- 
dence started to appear, indicating that the widely ac- 
cepted view might not always have been corrected. Un- 
usual metallic behavior has been reported in a number 
of two dimensional electronic systems |3, 0, 0|- An ex- 
cellent review on the current developments in the study 
of localization behavior and related phenomena in two 
dimensions was due to Abrahams et al.0. 

As noted by Abrahams et al.Q, one of the main ob- 
servations to be explained is that the unusual metallic 
behavior is displayed down to the near zero tempera- 
ture under conditions in which 2D systems are expected 
to show insulating behavior because of localization due 
to disorders, according to the theory of Various 
theories have been put forward to explain this unusual 
observation, ranging from theory of non-Fermi-liquid 
states, superconduting- insulator transitioujlljl, scaling 
theory including electronic intcractions|l2j . percolation 
theoryfisj, and so on. These theories have been re- 
viewed critically by Abrahams et al.Q. As pointed out 
by Abrahams et al., however, while each of the theo- 
ries is capable of explaining one or another part of the 



set of experimental observations, none of them is able 
to reconcile all the experimental results. Although it 
has been now widely accepted by the community that 
the unusual metallic behavior shown in 2D systems is 
caused by electronic interactions, which have not been 
included in the consideration of the previous theory jl^l, 
significant disputes remain. For example, it is pointed 
out in [Tsl l that the previous view on 2D localization is 
apparently incomplete and maybe, in the general case, 
incorrect. Whether all the electronic states in 2D dis- 
ordered media are localized without electronic interac- 
tions therefore still poses an open quest ion' 16]. This mo- 
tivates us to consider further the problem of electronic 
localization in 2D disordered systems. The question to 
be addressed here is whether there could be extended 
or non-localized states in 2D random media and these 
states are purely caused by interference of multiple scat- 
tering waves, i. e. not caused by delocalization effects 
such as boundary modes, electronic interactions, random 
magnetic fields, off-diagonal disorders, correlated bands, 
waveguide transmissions ^3 ^M- These effects are 
known to be able to delocalize or influence the localiza- 
tion of electrons. 

We are naturally led to the question of how to discern 
the contradiction between the experimental observation 
and the previous assertion that all electronic waves are lo- 
calized in 2D disordered systems. In order to resolve this 
conflict, two possible approaches may be adopted. One is 
to find a theory that can provide a comprehensive picture 
to all observations. This is not an easy task and is too 
ambitious at this stage, mainly because of complications 
involved the actual experiments. Often, various physical 
effects interplay with each other, making the data inter- 
pretation itself very difficult. The second approach may 
be taken by asking why all electrons have to be localized 
in two dimensions after all and whether there is some 
shortcoming in the previous analysis. These questions 
are also very difficult and delicate. But there may still 
be some hope that the second approach may be accom- 
plished by looking back at the previous analysis which 
has led to the conclusion that all waves are necessarily 



2 



localized in 2D. In this approach, it is to verify what are 
the conditions that warrant the conclusion. If these con- 
ditions are not satisfied or they could actually obscure 
the discernment of the phenomenon of localization, the 
conclusion from the analysis may not be applicable. An 
improvement may thus be worthwhile. 

Here we try to take the second approach to the prob- 
lem, in the hope to stimulate further discussions. To 
proceed, we first repeat and then discuss the theory in 
We suggest that the previous analysis may not be 
complete and might be unable to uniquely single out the 
localization effect, in line with what has been stated in 
the introduction of Then we propose an improved 
analysis to address the problem of whether all waves are 
indeed always localized in 2D systems. We hope to show 
that after the improvement not only the results from pre- 
vious analysis can be recovered as a possibility, but also 
there is the possibility that the localization behavior in 
2D actually bears similarities to that in three dimensions 
(3D). Specifically, there could exist the chance that in 
two dimensions the transition between localized and non- 
localized states is possible, by analogy with 3D. Through 
the discussion, we perceive that the evident conflict be- 
tween the observations and the previous analysis is due 
to the difference in the ways that localization is inferred 
or interpreted. 

While the essence of the current analysis has been very 
briefly reported in ;20|, here I would like to expand the 
discussion. For the sake of convenience, some mathemat- 
ical derivations are necessarily repeated. 
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FIG. 1: The scaling function jS versus in R from Eq. © 



First we repeat the previous analysis that leads to the 
view that all electrons are localized in 2D, partially for 
the sake of convenience on the general reader's part. Ac- 
cording to Q, an hypercubic geometry is used for the 
scaling analysis. In the metallic state, the resistance fol- 
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where d is the dimension. For a localized state, i. e. large 
R, the resistance grows exponentially 
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where Li is the localization length which may differ for 
different dimensions. A scaling function is defined as 
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Taking Eqs. ||T} and © into lEJl, we obtain the asymp- 
totic behavior 
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From the asymptotic behavior in Eq. we can sketch 
the universal curves in d = 1,2,3 dimensions. The cen- 
tral assumptions here are (1) (3 is continuous; (2) (i is 
a function of R and depends on other parameters such 
as disorders and length scale only through i?; and (3) 
once wave is localized, the increasing sample size would 
always mean more localization. These assumptions have 
been discussed in some detail in |^. 

The generic behavior of (3 is plotted in Fig. It is 
clear that in the 3D case, the curve crosses the horizon- 
tal axis, yielding an unstable fixed point {B). Above this 
point, the waves become more and more localized as the 
sample size increases. Below the critical point, the sys- 
tem tends to follow the Ohmic behavior as the sample 
size is enlarged. This fixed point separates the localized 
and non-localized states. For the two dimensional case, 
in the Ohmic regime (3 approaches zero as ln(i?) — s- 0. 
But the perturbation calculation including the wave in- 
terference effect shows that (3 is always greater than zero. 
Therefore for both one and two dimensions, the curves 
do not cross the horizontal axis, and there is thus no 
fixed point. As the sample size increases, all states move 
towards the localization regime, as illustrated in Fig. ^ 
This has been the main reason that led previously to the 
conclusion that all electronic waves are localized in one 
and two dimensions. 

The above analysis may require a further considera- 
tion. The reasons follow. Whether a system has non- 
localized or only localized states is an intrinsic property of 
the system, and should not rely on neither the boundary 
nor the source 0- As long as the analysis cannot exclude 
the possibility that the boundary or the source is playing 
a role, the consequence from the analysis may become 
questionable. In order to isolate the localization or non- 
localization effect, therefore, a genuine analysis should 
not be affected by any possible boundary effects not only 
in the localization region but also in the non-localization 
region. Of course, if the system has indeed only localized 
states, the boundary is not an issue, as the dependence 
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on the boundary is exponentially vanishing '5]. However, 
the care must be taken for the non-localized regime. It 
is not difficult to see that straightly speaking, the above 
scaling theory works without ambiguities for situations 
when both probing contacts, used to measure the resis- 
tance or conductance from which the localization is in- 
ferred, are located outside the sample. In this case, the 
Ohmic behavior given by Eq. is valid under the con- 
dition that the current flows uniformly in one direction. 
Strictly speaking, this is possible only with (a) properly 
scaled sources and with (b) the presence of confining 
boundaries. This may be in conflict with the procla- 
mation that whether it is a localization or non-localized 
state is the intrinsic property of the system and should 
not rely on a boundary nor a source, and these effects 
should not come to play a role on the analysis not only 
in the localization but also the Ohmic regions. Thus, in 
the strictly term, the above analysis may be more ap- 
propriate for studying transport phenomena. It is our 
opinion that the reduction in the conductance does not 
necessarily mean that all waves are actually localized. In 
other words, it is necessary to differentiate the situation 
that the electrons are prohibited from transmission from 
the situation that the system actually has only localized 
states. Certainly, we should not exclude the possibility 
that the boundary or source effects just mentioned are 
minimal and can be practically ignored. In fact, this 
possibility is also supported by the following improved 
analysis. We also note in reality boundaries are always 
present in numerical simulations or experiments. In this 
case, the influence of the boundaries has to be carefully 
addressed. Furthermore, the earlier scaling analysis has 
indeed considered the boundaries 

Taking the view that localization refers to the situa- 
tion that the envelope of the wave function decays expo- 
nentially from some point in space 0; any other form of 
envelope would mean non-localized states, and also tak- 
ing the view that whether it is localized or non-localized 
is an intrinsic property of the system, we wish to propose 
an alternative scaling analysis. 

We consider uniformly random systems. Consider an 
infinite system in either 2D or 3D, we compute the ef- 
fective resistance between any two space points in the 
system. Then we investigate how the resistance varies 
as the separation (i) between the two points increase. 
In this way, the boundary or source effect is unambigu- 
ously eliminated. We note that in real experiments, it is 
the conductance or the resistance across a sample that is 
often measured for transport properties. 

In line with the above discussion, in the limit of small 
disorders, by neglecting all interference between succes- 
sive scatterers the resistance R is assumed to follow the 
Ohmic behavior which is guided by j — aE with a being 
the conductivity. An integration leads to 
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where Lq refers to the microscopic size0. Eq. (jSJ in- 
dicates that the resistance grows logarithmically either 
with the sample size or the distance between two space 
points in 2D. Hereafter, L can stand for either the sample 
size or the separation between two points in an infinite 
space. 

Eq. (O is derived by Ohm's law. As the example, we 
present the derivations for 2D. Consider an infinite plate, 
with two probing contacts at ri and r2 ■ One is the source 
and the other is the drain. The divergence theorem states 

V • J(f) = -47rA(5(^'(f - fi) + 4T:AS^'^\r- r2)- 

The solution is 
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\r-ri\ \r~r2\ 
The coefficient A is determined from 

I?"- ri\dej -61=/, 
with / being the current. This gives 

Now use Ohm's law 

j — aE, and / dr ■ j = a / df ■ E. 



We integrate from ri to r2 , but in the integration we need 
to exclude the singular point fi and r2- Assume the line 
between the two points is the a;-axis. The integration is 
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Here the voltage 



dxE{x). 

The integration gives 

2A\n{^^—^) = aV, 
e 

where L = 0:2—2:1. Considering Eq. ©, we have the 
resistance 

y = — In(-). {L»e). 
1 na e 



1 

Lo 



2_ 



Therefore in 2D the resistance scales as 
Tra Lq 
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which is the result for 2D given in Eq. (O . The result for 
3D can be obtained similarly. 

In the other limit where the disorder is very large, the 
resistance is large. Therefore an exponential localization 
is expected. The resistance is anticipated to grow as 
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While the behavior remains unchanged for ID, the 
asymptotic behavior for the scaling function in both 2D 
and 3D becomes 
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From these asymptotic behaviors in the two limits, we 
expect that the localization behavior in 2D and 3D should 
be similar. That is, in both cases, the scaling function 
decreases and then increases linearly with Ini? in the 
Ohmic and the localization regimes respectively. 

Now since we know the asymptotic behaviors in the 
two limiting cases (Refer to Eq. ©), the general behavior 
of the scaling function /3 may be obtained in the similar 
way as outlined above or in p|| . Taking the above assump- 
tions for the scaling function /3 except that it needs not 
to be monotonic, the scaling function given by Eq. © is 
conceptually plotted in Fig. |21 It is obvious that the ID 
situation is a replicate of that shown in Fig.^ The con- 
sequence is that all waves are localized in one dimension 
for any given amount of disorders. 

Seen from Fig. 2, there are two possibilities for two 
and three dimensions. In the first instance shown in 
Fig. [2Ia), there are two fixed points: A and B. It is 
clear that A and B are respectively the stable and un- 
stable fixed points. Point B separates the localized state 
and the non-localized state. When ln(i?) is greater than 
B, the increasing sample size will lead the system to an 
infinite resistance in the localized regime; thus the elec- 
tronic waves are localized. When ln(i?) is initially below 
point B, increasing the sample size leads to the fixed 
point A, where the increasing L will no longer affect the 
resistance, indicating a stable non-localized state. 

The second possibility is shown in Fig. |2Ib) . There is 
no fixed point; at most there is only one single unstable 
fixed point. In this case, all waves in 2D will be local- 
ized like in the ID situation. This is the case previously 
considered for 2D. Previous results affirming that all elec- 
tronic waves are localized in 2D fit in this situation. In 
this sense, the present analysis accommodates the previ- 
ous analysis. In this case, the boundary or source effect 
mentioned above must be unimportant. 

By expanding /? at point B, the critical behavior can 
be studied. It is easy to see that at this point, the exper- 
imentally observed symmetry relating conductivity and 
resistivity could follow, by analogy with the discussion in 
[T^. Around B, we have 
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FIG. 2: The scaling function /3 vs ln(_R) for 1, 2, and 3 
dimensions in the new scaling. 



To ensure that point B is unstable, r must be 1. Then 
we recover the result in[l^ 



R = 



i?se"(^/^«)° for Rb < R- 



(10) 



Clearly if a > 1, the resistance will grow faster than 
exponentially. The point B with Rb may be reached at 

the limit L « Lb- In this limit, R/Rb ~ l± ("^^ 

for above and below Rb respectively. 

To explore the behavior around the stable state at 
point A, we also expand /3 at this point. 



-a(lni?-lni?A)'^, with a > 0. 



(11) 



The fact that point yl is a stable point requires 7 
By integration, we find that 



13 « a(ln R-IhRbY, with a > 0, 
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with La is a measure of how fast R approaches Ra and it 
may depends on various parameters such as disorders. In 
the three dimensional case, when a = 1 and Ra ^ -i^, 
the state at point A is an Ohmic state, in accordance 
with Eq. ((Sj. In this case, as L increases, R will converge 
to the Ohmic result Ra- For the two dimensions, point A 
refers to a stable state, and when ln(i?) is initially below 
B the system will converge to A. The state at point A, 
however, is not of the Ohmic nature. In fact, if the system 
were Ohmic, Eq. ij^l would imply a logarithm growth in 
the resistance with L. Therefore, we are led to the con- 
clusion that although there can be non-localized states 
in 2D, the exact Ohmic state is absent, for an infinite 
sample or when the separation between two measuring 
points is exceedingly large. Due to possible slow conver- 
gence of R, however, the resistance may behave nearly 
like Ohmic for a wide range of L. Furthermore, in 2D, 
the existence of the stable state at A would imply that 
the added small disorder tends to slow down the increase 
of resistance near the stable fixed point and the resistance 
will be eventually saturated at A, as L goes to infinity, 
tending to comply with the result shown on P. 203 in 
Ref. 2z| . This is a state that the classical estimate of the 
conductance approaches a minimum conductance due to 
the wave nature of electrons, expected from the Landauer 
formula for the conductance |22l l23j | . The non-increasing 
resistance state may correspond to the unusual metallic 
behavior discussed in the literature 0, 0- Whether this 
state can be observed depends on samples and experi- 
mental conditions. Nonetheless, the possibly important 
finding reported here is that a stable non-localized state 
is possible in two dimensions, not excluding the other 
possibility that two dimensional random media only sup- 
port localized states as indicated by Fig. 2(b). 

Now we discuss further the above results. First, we 
pointed out that the previous scaling analysis has been 
questioned in the literature in the past, and more recently 
by a number of authors who demonstrated some results 
in one dimensional random media that arc in contrary to 
the prediction of the previous analysis 24] . And a novel 
approach to look into the problem of localization has been 
suggested 25). In addition to the recent experiments0, 
there were also other experiments which cannot be ac- 
counted for by the previous analysis. As pointed out in 
[2^, two exceptions predicted by the scaling theory to 
this often recited mantra are the extended states which 
occur at the center of a Landau level in the quantum 
Hall effect |27l|. and the Anderson transition which occurs 
in zero magnetic field if there is a significant spin-orbit 
interaction 2^ IM El 113 • 

However, it should also be pointed out that, the previ- 
ous scaling analysis was supported by a number of sim- 
ulations, for instance, by a simulation of the 2D Ander- 
son model with diagonal disordersj^. And there were 
also many experiments that affirm the previous analysis 
not only in the electronic systems (e. g. 0, |E IE IHl) 
but in phonic svstems[33|. The fact that the previous 
analysis was supported by some research while not by 



some others may thus imply that the previous analysis 
of the 2D localization is incomplete and is likely model- 
dependent, as suggested in aforementioned, 
the present analysis accommodates the prediction of the 
previous analysis (Referring to Fig. 2(b)) and therefore 
may also accommodate these theoretical and experimen- 
tal supports. 

Next, we may point out some recent evidence that may 
support the present analysis for possible non-localized 
states (Referring to Fig. 2(a)). First, our recent exact 
numerical results indeed indicate that there is indeed a 
need to differentiate the situation that the waves are pro- 
hibited from transmission across a sample from the situa- 
tion that the system actually has only localized states 
There, the acoustic propagation and scattering in wa- 
ter containing many parallel air-filled cylinders is studied 
in an exact manner. Two situations are compared: (1) 
wave propagating through the array of cylinders, imitat- 
ing common experimental setups, as summarized in |25| . 
and the scenario of the previous scaling analysis 0, and 
(2) wave transmitted from a source located inside the 
ensemble. It was shown that waves can be blocked from 
propagation by disorders in the first scenario, but such an 
inhibition does not necessarily lead to actual wave local- 
ization in the medium. Note that the electronic system 
is more complicated because effects such as the Coulomb 
interaction can make data interpretation difficult. In this 
sense, classical systems are advantageous in studying lo- 
calization effects. 

Furthermore, the present scaling analysis has been 
pointed out (Y. Tarasov, private communication) to be 
absolutely in line with recent findings obtained through 
direct calculation of the conductance with the use of the 
Kubo formula [35j |. In these references, it was shown 
that the localization behavior in both 2D and 3D can be 
similar. 

Finally, we note that a suggestion of two fixed points 
similar to what was shown in Fig. 2(a) has earlier dis- 
cussed in a general description of scaling theories of lo- 
calization by Janssen[36j. There, however, no concrete 
physical quantity was used. We stress that the above 
inclusion of published research is far from completeness. 
There is a great amount of excellent works which can be 
referred to in the recent monograph [l^. 

In summary, we have attempted to present an analysis 
of electronic localization in random media. The study 
suggests that the localization behavior is similar in both 
two and three dimensions. The transition between lo- 
calized and non-localized states is possible in both di- 
mensions. A new state is predicted as a possible non- 
localized state for 2D disordered systems. It must be 
stressed that these findings do not exclude the possibility 
that all waves are localized in two dimensional random 
media. As shown above, the present analysis also sup- 
ports the possibility that all waves are localized in two 
dimensional random media, a profound principle which 
has guided significantly previous investigations of local- 
ization since its inception. 
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